We generalise the operations of augmentation and concatenations defined in [4] in order to obtain multigerms of analytic (or smooth) maps (K n , S) → (K p , 0) with K = C or R from monogerms and some special multigerms. We then prove that any corank 1 codimension 2 multigerm in Mather's nice dimensions (n, p) with n ≥ p − 1 can be constructed using augmentations and these operations.
Introduction
The classification of singularities of map germs from K n to K p has been one of the main areas of research in Singularity Theory for the last decades. The foundations are the fundamental works of Whitney, Mather and Thom on classification of stable maps followed by Arnold's classification of simple singularities of functions in [1] . Since then, complete classifications up to certain codimension for certain pairs (n, p) have been carried out by many authors ( [25] , [26] , [19] , [6] , [17] , [15] , [28] , ...) and it is still an active field of research.
The bibliography related to the classification of multigerms is less abundant. The first reference is Mather's classification of stable multigerms [18] . A list of multigerms from R 2 to R 3 including codimension 1 singularities is given by Goryunov ( [7] , [8] ). Hobbs and Kirk ( [9] ) give a thorough classification for this case. The third author obtains in [28] the list of simple multigerms from C 2 to C 3 and gives a method that can be applied to the case C n to C n+1 . Normal forms for multigerms from the plane to the plane are given by several authors. A good account of this is [23] . More recently, in [24] , the first author and Romero Fuster give normal forms of multigerms up to codimension 2 from R 3 to R 3 using a geometric method based on the theory of contact between submanifolds developed by Montaldi in [20] . This method is used to give candidates for the different A-classes and then normal forms are given, being able to prove that they have the announced codimension.
The classification of multigerms using the classical Singularity Theory techniques such as the complete transversal's method can be hard to deal with. In [28] the A-classification of multigerms from C n to C n+1 is reduced to a much simpler Kclassification. However, in other dimensions, it is still a very hard task. Therefore, operations to obtain germs in certain dimensions from germs with fewer branches in lower dimensions have been developed. The concepts of augmentations and monic and binary concatenations appear in [4] , where Cooper, Mond and Wik Atique show that any codimension 1 multigerm can be obtained using these operations. Further developments on these operations are given by Houston ([10] , [11] ).
As can be seen from the classification in [24] , these operations do not give the complete list of codimension 2 multigerms.
In this paper we generalise these operations in order to obtain a complete list of multigerms of codimension 2. The first operation introduced merges two of the earlier ones, it is a simultaneous augmentation and monic concatenation. Then, a generalised definition of concatenation is given which includes both the monic and binary concatenations as particular cases. Two other examples of this family of operations are studied, namely cuspidal concatenation and double fold concatenation. We show that for (n, p) in Mather's nice dimensions and n ≥ p−1 all the multigerms of corank 1 and codimension 2 are obtained using these operations starting from monogerms and some special multigerms. We are therefore giving a method to obtain new classifications of multigerms for any (n, p) in Mather's nice dimensions, including the complete lists of singularities up to codimension 2.
The study of multigerms is not only important for classification purposes but is also necessary for other research lines such as the study of topological invariants. For instance, to obtain the first order local invariants of stable maps it is essential to know the multigerms up to codimension 2 (see for example [8] , [23] , [29] , [24] or [3] ). Also, our methods provide a source of new examples to test the Mond conjecture which states that the codimension of a germ is less than or equal to its image Milnor number.
The paper is organised as follows: In §2 we fix our notation and give some basic results and definitions. In §3 we define augmentations, state some known results and give a characterisation to identify augmented multigerms having only stable branches. In §4 we define the new operations, give formulae to calculate the codimension of the resulting multigerms and several examples. In §5 we prove that any codimension 2 multigerm in Mather's nice dimensions with n ≥ p − 1 is obtained using these operations. Finally, in §6 we give an example of how to obtain all the codimension 2 multigerms using these operations, namely the classification of codimension 2 multigerms from C 3 to C 3 obtained in [24] . Acknowledgements: The authors would like to thank the referee for a careful reading of the manuscript and many valuable suggestions.
Notation
Let O p n be the vector space of map germs with n variables and p components. When p = 1, O 1 n = O n is the local ring of germs of functions in n-variables and M n its maximal ideal. The set O p n is a free O n -module of rank p. A multigerm is a germ of an analytic (complex case) or smooth (real case) map f = {f 1 , . . . , f r } : (K n , S) → (K p , 0) where S = {x 1 , . . . , x r } ⊂ K n , f i : (K n , x i ) → (K p , 0) and K = C or R. Let M n O p n,S be the vector space of such map germs. Let θ K n ,S and θ K p ,0 be the O n -module of germs at S of vector fields on K n and O p -module of germs at 0 of vector fields on K p respectively. We denote them by θ n and θ p . Let θ(f ) be the O n -module of germs ξ : (K n , S) → T K p such that π p • ξ = f where π p : T K p → K p denotes the tangent bundle over K p . Define tf : θ n → θ(f ) by tf (χ) = df • χ and wf :
The A e -tangent space of f is defined as T A e f = tf (θ n ) + wf (θ p ). Finally we define the A e -codimension of a germ f , denoted by A e -cod(f ), as the K-vector space dimension of
We refer to Wall's survey article [27] for general background on the theory of singularities. Following Damon in [5] , a transverse fibre square is a diagram
The map-germ f is called the pull-back of F by i and is denoted by i * (F ). Any germ f is a pull-back of a stable q-parameter unfolding F by the natural inclusion
where
where D(F ) is the discriminant of F and Derlog(V ) represents the O p -module of tangent vector fields to V . Definition 2.1. i) A vector field germ η ∈ θ p is called liftable over f , if there exists ξ ∈ θ n such that df • ξ = η • f (tf (ξ) = wf (η)). The set of vector field germs liftable over f is denoted by Lift(f ) and is an O p -module.
ii) Let τ (f ) = ev 0 (Lift(f )) be the evaluation at the origin of elements of Lif t(f ).
In general Lif t(f ) ⊆ Derlog(V ) when V is the discriminant of an analytic f . We have an equality when K = C and f is complex analytic.
The set τ (f ) is the tangent space to the well defined manifold containing 0 along which the map f is trivial (i.e. the analytic stratum). Notice that if f is stable then
See [11] or [4] for some basic properties of τ (f ).
From here on we will consider only minimal corank germs.
3 Augmentations of smooth mappings
which is stable as a map-germ, where
Then, the augmentation of h by H and g is the map
where τ is the Tjurina number and equality is reached when g is quasihomogeneous.
Theorem 3.3. ( [11] ) Suppose that f : (K n , S) → (K p , 0) is non-stable and has a 1-parameter stable unfolding F . Then
More precisely, on the right hand side, f ∼ A A H,g (h) for some h : (K n−q , S ′ ) → (K p−q , 0), a smooth map-germ with a 1-parameter stable unfolding H, and g :
A germ that is not an augmentation is called primitive. When all the branches of a multigerm are stable we give a more geometric characterisation for augmented germs.
Definition 3.4. Given a multigerm f = {f 1 , . . . , f r } we say that its branches are totally non-transverse if for every i = 1, . . . , r there exists
From the definition it can be seen that the fact of the branches being totally non-transverse is equivalent to dim
Proposition 3.5. Let f = {f 1 , . . . , f r } : (K n , S) → (K p , 0) be a non-stable multigerm, |S| > 1, with f i stable for all i = 1, . . . , r. Suppose that f admits a 1-parameter stable unfolding F . If f is an augmentation then its branches are totally non-transverse.
Proof. As in Theorem 3.3, one can take a primitive h such that f ∼ A A H,g (h). Since f is non-stable g is not a submersion.
Following the proof of Theorem 4.6 in [11] , f (x, z) = (h g(z) (x), z), with x ∈ K n−q and z ∈ K q , has the 1-parameter stable unfolding F (x, z, λ) = (h g(z)+λ (x), z, λ) = (X, Z, Λ). Also F ∼ A H × Id q , that is, there exist germs of diffeomorphisms ψ and φ such that
) and φ(x, z, λ) = (x, λ, z − g(λ)). Since g is not a submersion it follows that dψ 0 is a permutation of the identity. Using the basic properties of τ we have that
) and η(X, Z) = (η 1 (X, Z, 0), . . . , η p (X, Z, 0)). By evaluating this system of equations in λ = 0, from the first p equations we get
where ξ i j+(n−p) (x, z, 0) = η j (f i (x, z), 0), p − q + 1 ≤ j ≤ p and from the last equation we get
Since f i is stable, there exist vector fields
, so we can choose γ i (0) = 0. The system can now be written as
The proposition is not true if one of the branches is not stable, since the analytic stratum of a non stable branch is {0}.
A finite set E 1 , . . . , E r of vector subspaces of a finite-dimensional vector space F has almost regular intersection of order k (with respect to F ) if
where cod represents the codimension. When k = 0 we say regular intersection and when k = 1 we say almost regular intersection. Mather characterised in [18] stable multigerms as those where every branch is stable and the analytic strata have regular intersection. Elementary algebra proves the following Lemma 3.6. E 1 , . . . , E r have almost regular intersection of order k if and only if the cokernel of the natural mapping 0) be a non-stable multigerm, |S| > 1, with f i stable for all i = 1, . . . , r. If f admits a 1-parameter stable unfolding, then the τ (f i ) have almost regular intersection. Moreover, if f admits a decomposition f = {f 1 , f 2 } with f 1 , f 2 stable germs, then the converse is also true.
Proof. A 1-parameter stable unfolding F of f restricts to 1-parameter stable unfoldings
We have the following commutative diagram
The right hand map is bijective and the bottom map is surjective since F is stable (and therefore the τ (F i ) are transversal). So the top map has cokernel of dimension 1. If it were of dimension 0, it would be surjective and the τ (f i ) would be transverse, which means that f would be stable and this is a contradiction.
Conversely, if they have almost regular intersection and f = {f 1 , f 2 } with f 1 , f 2 stable then there exists a direction, which we call v such that
is a 1-parameter stable unfolding of f , since the τ (F i ) have regular intersection. If f 2 is a multigerm, we deform any one of its branches in the way above and the result follows too.
Corollary 3.8. Let f = {f 1 , . . . , f r } : (K n , S) → (K p , 0) be a non-stable multigerm, |S| > 1, with f i stable for all i = 1, . . . , r. Suppose that f admits a 1-parameter stable unfolding F . Then,
Proof. Since f has a 1-parameter stable unfolding, by Proposition 3.7 the analytic strata have almost regular intersection.
By Proposition 3.5 we have that if f is an augmentation then its branches are totally non-transverse, that is,
On the other hand, the fact of the analytic strata having almost regular intersection, together with This result can also be obtained as a corollary of Theorem 3.3. However, this reformulation will be used in Section 5. i) Any multigerm involving two cuspidal edges in K 3 can never be an augmentation because the sum of the codimension of the analytic strata is 4.
ii) Any multigerm from K 2 to K 3 involving a cross-cap and other immersive branches can never be an augmentation because the codimension of the analytic stratum of the cross-cap is already 3.
iii) Using the classical Arnol'd notation for multigerms in the case n = p where A k i A j represents a multigerm with k branches of type A i and a branch of type A j where all of the branches are pairwise transversal, then it is an augmentation if and only if (ik + j) ≤ p.
New operations
Definition 4.1. Suppose f : (K n , S) → (K p , 0) is non-stable of finite A e -codimension and has a 1-parameter stable unfolding 0) ). Then the multigerm {F, g} is called a monic concatenation of f . A e − cod({F, g}) = A e − cod(f ).
In the previous definition we set p + k = n + 1. We now introduce a new operation which merges the two earlier ones, a simultaneous augmentation and monic concatenation.
where τ is the Tjurina number of φ. Equality is reached when φ is quasi-homogeneous and
and Z is the last component of the target.
ii) {A F,φ (f ), g} has a 1-parameter stable unfolding.
Proof. We write Af for A F,φ (f ). Consider the map h :
where h((ξ 1 , ξ 2 )) = 0 if and only if h(ξ 1 , ξ 2 ) = 0. Obviously, any element in ker(h) can be taken to the form (0, ξ 2 ). Now, if η ∈ Lif t(Af ), then there exists ρ ∈ θ n+1 such that dAf
which means that
.
So we have the short exact sequence:
, therefore, by projection to the last component we have that
and equality is reached when φ is quasi-homogeneous and
is stable since each branch is stable and the analytic strata have regular intersection.
Remark 4.4. The exact sequence in the proof above remains exact when we replace Af by any finitely determined map-germ H so we can deduce that if
Example 4.5.
i) Consider the family of augmentations of f (x) = x 3 , A l f (x, z) = (x 3 +z l x, z), of A e -codimension l−1, where φ(z) = z l is the augmenting function. We calculate Lif t(A l f ) = 3lX
has codimension l.
iii) The augmentation Af (x, y, z) = (x 4 + yx 2 + y 2 x + z 2 x, y, z) of f (x, y) = (x 4 + yx 2 + y 2 x, y) has codimension 2. Calculations using the computer package Singular show that
Theorem 4.6. Up to A-equivalence, if K = C and A e − cod(f ) = 1, the multigerm {Af, g} is independent of the choice of miniversal unfolding F of f .
Proof. Let Af and A ′ f be augmentations coming from different miniversal unfoldings F and F ′ of f which are A-equivalent as unfoldings.
This is satisfied with
Remark 4.7. {Af, g} is still independent of the choice of miniversal unfolding F of f when f is of codimension higher than 1 if we suppose that Af
Generalised concatenations
Another type of operation is a concatenation with a stable germ which generalises the monic concatenation defined earlier. It also includes the binary concatenation as a particular case.
, the multigerm h with |S| + |T | branches defined by
is called a binary concatenation of f 0 and g 0 .
Then the multigerm {F, g} is a generalised concatenation of f with g, where
Observe that with this definition, dim τ (g) ≥ p − s ≥ 1. If g is a monogerm and dim τ (g) = p − s, it is of the form
Therefore, the definition implies that F ⋔ τ (g). i) The monic concatenation is recovered by taking s = 1 and
is also a generalised concatenation where p = a+1+b, n = b+m+1 = l+a+1 and s = b + 1. In fact, the first branch is a b + 1-parameter stable unfolding of an f 0 and τ ((u, g u (x))) = {0} when g 0 is not stable.
In general this operation is difficult to control, so we study particular cases where the stable germ g is given, for example the equidimensional case and where g is a cusp and dim τ (g) = p − 2.
being a suspension of a cusp. We call the multigerm {F, g} the cuspidal concatenation of f .
In general A e -cod({F, g}) depends on the choice of 2-parameter stable unfolding, so we give a recipe to calculate the A e -codimension.
Theorem 4.12. Let f : (K n−2 , S) → (K n−2 , 0) with n ≥ 3 and {F, g} the cuspidal concatenation of f , then
where η n−1 and η n are the last two components of vector fields in Lif t(F ).
Proof. Consider the exact sequence (see the proof of 4.3)
Since F is stable, dim K N A e (F ) = 0, hence A e -cod({F, g}) is equal to the dimension of θ(g) tg(θn)+wg(Lif t(F )) . By projecting to the last two components, this space is isomorphic to
On⊕On T where
and d(Y, Z) represents the last two components of wg(Lif t(F )).
where η = (η 1 , . . . , η n ) ∈ Lif t(F ). Let (g n−1 , g n ) be the last two components of g and let
The following sequence is exact
where i is the inclusion and π is the projection. The proof of the exactness is analogous to the proof of Proposition 2.1 in [16] . Since g n−1 is a submersion,
are isomorphic. The result follows from the fact that
, x 2 , . . . , x n−2 ) and let
the A n singularity. Then the cuspidal concatenation of f has A e -cod({F, g}) = n.
Proof. We denote by
From [2] it follows that the linear part of the generators of Lif t(F ) is
The corresponding elements of the generators of T Σ and the corresponding relations modulo M 3 (x,z) are
It is clear that we can obtain any element in T Σ of the type x α z β for all α > 0 and β = 0 or β ≥ 2 modulo M α+β+1 and of the type z β for all β ≥ 3. It is also clear that constants and z are not in T Σ . Lets see what other terms are in T Σ :
In step I, we take relation (1) and multiply it by x j for all j = 1, . . . , n − 2 and by z 2 to obtain relations x 1 xj ≡ 0 and x 1 z 2 ≡ 0 modulo M 4 . Now multiply relations (2) to (n − 1) by x 1 and use the relations just obtained to get relations zx 1 x j−1 ≡ 0 modulo M 4 for all j = 2, . . . , n − 1.
In step II, we take relation (2) and multiply it by x j for all j = 2, . . . , n − 2 and by z 2 to obtain relations x 2 xj ≡ zx 1 x j (≡ 0 by step I) and x 2 z 2 ≡ 0 modulo M 4 . Now multiply relations (3) to (n − 1) by x 2 and use the relations just obtained to get relations zx 2 x j−1 ≡ 0 modulo M 4 for all j = 3, . . . , n − 1.
We go on until finally we have that M 3 ⊆ T Σ + M 4 . In the same way we prove that
. . , x n−2 z, which proves the result.
Theorem 4.14. Let F : (K n , S) → (K n , 0) be a stable (multi)germ with τ (F ) = 0 and g(x 1 , . . . , x n−2 , y, z) = (x 1 , . . . , x n−2 , y, z 3 + yz), then A e -cod({F, g}) ≥ n and is equal to n when g is transversal to the limits of the tangent spaces to the strata of the stratification by stable types of the discriminant of F and F ⋔ τ (g).
Proof. The fact that F is stable, has corank 1 and τ (F ) = 0 implies that F is a singularity of type A k 1 . . . A kr where k 1 + . . . + k r = n. In the case of lowest codimension, g is transversal to the limits of the tangent spaces to the strata of the discriminant of F and F ⋔ τ (g). In this case, with X j varying on the remaining n − k i variables. Since A k 1 . . . A kr is stable and all of the A k i are stable, the Lif t(F ) is the intersection of the Lif t(A k i ) and so we can see it as a diagonal block matrix where each block represents the Lif t(A k i ). Following the proof of Proposition 4.13 we prove that the codimension of {F, g} in this case is exactly n. In other cases it is greater than or equal to n.
The following examples illustrate how the cuspidal concatenation depends on the choice of stable unfolding: Example 4.15.
i) Let f (x) = x 4 and choose F (x, y, z) = (x 4 + yx + zx 2 , y, z) (the swallowtail). Concatenating with a cuspidal edge we obtain the codimension 3 bigerm A 2 A 3 :
Notice that this bigerm could not be obtained by any of the other operations in the literature up to now. It can be seen that it is not simple and the stratum codimension is 2.
Now, we let F (x, y, z) = (x 4 + yx 2 + y 2 x + zx, y, z), then the bigerm {F, g} is not A-equivalent to A 2 A 3 above. In fact,
and calculations show that A e − cod({F, g}) = 4.
ii) Consider f (x) = x 3 and the family of 2-parameter stable unfoldings F l (x, y, z) = (x 3 + y l x + zx, y, z). In this case
Calculations show that A e − cod({F l , g}) = 2 for l ≥ 2.
For l = 1 we have the codimension 1 bigerm A 2 2 (which is a binary concatenation, see [4] ). For l ≥ 2 we have the codimension 2 bigerm T 1 22 (see [24] ). It is interesting to mention that in spite of the cuspidal edge in F l having a more degenerate contact with the limiting tangent plane to g as l grows, this does not affect the codimension. Compare this with example 4.5 ii) when m = 1, where the codimension does increase.
iii) Let f (x) = {x 2 , x 3 }, and F 1 and F 2 two different 2-parameter stable unfoldings:
One would expect {F 1 , g} ∼ A {F 2 , g} since they are two cuspidal edges and a fold plane with pairwise transversal branches. However, A e −cod({F 1 , g}) = 3 while {F 2 , g} is not finitely determined because it has a curve of triple points in the image along (0, −3t 2 , 2t 3 ).
Another type of generalised concatenation is to concatenate with two fold hypersurfaces (in the equidimensional case, but the operation can be defined for n = p too).
We call the multigerm {F, g} the double fold concatenation of f .
As in the cuspidal concatenation, the A e -codimension of {F, g} depends on the choice of the 2-parameter stable unfolding.
Theorem 4.17. Let f : (K n−2 , S) → (K n−2 , 0) with n ≥ 3 and let {F, g} be the double fold concatenation of f , then
where η n−1 , η n are the last two components of vector fields in Lif t({F, g 1 }).
Proof. The proof is very similar to the one of the cuspidal concatenation. Consider the following exact sequence
Projecting to the last two components it follows that
and d(Y, Z) represents the last two components of wg 2 (Lif t({F, g 1 })). Let T 0 = {ξ : (0, ξ) ∈ T } which is equal to
where η = (η 1 , . . . , η n ) ∈ Lif t({F, g 1 }). As in Proposition 4.12 we can show that
On⊕On T is isomorphic to
which is in turn isomorphic to
{ξ:ξ=−η n−1 (x,y,y)+ηn(x,y,y)} .
Remark 4.18. If there exists a finitely determined 1-parameter unfolding x, y), 0) , then the multigerm {F, g 1 } is a monic concatenation of F ′ . Therefore, A e − cod({F, g 1 }) = A e − cod(F ′ ) by Theorem 4.2.
Example 4.19. Consider the trigerm f (x) = {x 2 , x 2 , x 2 } and F ′ and F as follows:
The generators of Lif t({F, g 1 }) are
Calculations show that dim K O p−1 {ξ:ξ=−η p−1 (x,y,y)+ηp(x,y,y)} = 3. Since A e −cod({F, g 1 }) = A e − cod(F ′ ) = 1, it follows that the codimension of the quintuple point {F, g} is 4.
Theorem 4.20. Let F : (K n , S) → (K n , 0) be a stable (multi)germ with τ (F ) = 0 and g = {g 1 , g 2 } where g 1 (x 1 , . . . , x n−2 , y, z) = (x 1 , . . . , x n−2 , y, z 2 ) g 2 (x 1 , . . . , x n−2 , y, z) = (x 1 , . . . , x n−2 , y, z 2 + y),
then A e -cod({F, g}) ≥ n.
Proof. If F is a monogerm, we use the information about Lif t(F ) in Proposition 4.13 and the fact that Lif t(g
∂Z to apply the formula in Theorem 4.17. If F is a multigerm we repeat the argument in the proof of Theorem 4.14.
A similar result for the case n = p − 1 can be found in Remark 5.11.
A e -codimension 2 multigerms
The classification of primitive monogerms of A e -codimension 2 for all pairs (n, p) in the nice dimensions and p ≤ n + 1 is already known. When n ≥ p, the list of A-simple singularities was obtained by Goryunov in [6] (see also [26] ). When p = n + 1, this classification was recently given by Houston and Wik Atique in [13] .
We assume the known fact that when p = 1, the only codimension 2 multigerms are a trigerm with 3 Morse functions and a bigerm with a Morse function and an A 2 singularity. We also need the list of codimension 2 multigerms when p = 2. For n = 1 we refer to [14] and for n ≥ 2 a list can be found in [23] .
In this section we prove that all the simple minimal corank A e -codimension 2 multigerms with more than one branch in Mather's nice dimensions and n ≥ p − 1 can be obtained using the operations of augmentation, augmentation and concatenation and generalised concatenations starting from monogerms and some special multigerms. By a multigerm with k branches we mean a multigerm with k nonsubmersive branches. Too that all the results in this section are stated for the complex case.
The section is organised as follows: We start by proving some general results for any codimension 2 multigerm. Results 5.5 to 5.12 deal with augmentations and A e -codimension 2 multigerms that have a branch which is an A e -codimension 1 monogerm. Results 5.14 to 5.18 classify the codimension 2 primitive multigerms where all the branches are stable. Finally, Theorem 5.19 is a summary of all the results in this section.
Proposition 5.1. Let h = {h 1 , . . . , h r } : (C n , S) → (C p , 0) be a multigerm of A ecodimension 2. Then, for any proper subset S ′ of S, the multigerm h ′ : (C n , S ′ ) → (C p , 0) has A e -codimension ≤ 1. If A e − cod(h ′ ) = 1 then h = {h ′ , g} where g is prism on a Morse function (when n ≥ p) or an immersion (when p = n + 1).
Proof. Let g : (C
n , S\S ′ ) → (C p , 0) be the germ such that h = {h ′ , g}. If h ′ is stable, then A e − cod(h ′ ) = 0. Otherwise, consider the exact sequence
Since τ (h ′ ) = 0, then the dimension of θ(g) tg(θn)+wg(Lif t(h ′ )) is at least 1 and since dim C N A e (h) = 2, it follows that the codimension of h ′ has to be less than or equal to 1. Now suppose that A e − cod(h ′ ) = 1, then the dimension of θ(g) tg(θn)+wg(Lif t(h ′ )) would be exactly 1. Since τ (h ′ ) = {0}, Lif t(h ′ ) does not have any constants in any entry and so 1 = dim
This implies first that g is a monogerm since the K e −codimension of the simplest possible bigerms (namely two transversal folds or immersions) is 2. Furthermore, dim θ(g) tg(θn)+g * (Mp)θp+wg(θp) = 0 and so g is stable and therefore it is a prism on a Morse function or an immersion.
Corollary 5.2. Let h = {h 1 , . . . , h r } : (C n , S) → (C p , 0) (p > 1) be a multigerm of A e -codimension 2. Then i) If r ≥ 3 then h i is stable for every i ∈ {1, . . . , r}.
ii) If h i is stable for every i ∈ {1, . . . , r}, then h = {f, g} where both f and g are stable.
Proof. i) Follows directly from Proposition 5.1. ii) From [4] we know that a codimension 1 multigerm only has stable branches. Suppose that there does not exist a partition h = {f, g} with f, g stable. It follows from Proposition 5.1 that h i is a prism on a Morse function or an immersion for all i = 1, . . . , r. By hypothesis, h ′ = {h i 1 , . . . , h i r−1 } has A e -codimension 1, and by [4] any r − 2 branches of h ′ form a stable multigerm. It follows that any two branches of h constitute an A e -codimension 1 bigerm. Therefore, if r ≥ 4 we have a decomposition of h where at least two bigerms have A e -codimension 1, which contradicts Proposition 5.1. When r = 3, in a similar way we can prove that all branches are prisms on Morse functions or immersions and, further more, that any two branches form a codimension 1 germ, that is, they are tangent. This implies a triple tangency. Direct calculations show that the codimension of such a trigerm is greater than two except for when p = 1. The case r = 2 is trivial. ii) Suppose f and g are stable, then τ (f ) and τ (g) have almost regular intersection (cod τ (f ) + cod τ (g) − cod( τ (f ) ∩ τ (g)) = 1) if and only if h admits a 1-parameter stable unfolding. They have almost regular intersection of order 2 otherwise (cod
Since in this case, by Proposition 5.1, g is a prism on a Morse function or an immersion, it follows that cod τ (g) = 1 and so cod τ (f ) + cod τ (g) = p + 1. ii) From Proposition 3.7 it follows that h = {f, g} admits a 1-parameter stable unfolding if and only if τ (f ) and τ (g) have almost regular intersection.
Repeating the proof of Proposition 3.7 replacing the 1-parameter stable unfolding by a 2-parameter versal unfolding we obtain that if h does not admit a 1-parameter stable unfolding, then the analytic strata of f and g have almost regular intersection of order 2.
be the multiplicity of f . If n > p, and f is simple of corank 1, by [26] f can be seen as a germ f 0 with n = p plus quadratic terms in the remaining variables so by multiplicity we mean m 0 (f 0 ).
In the case n ≥ p a stable germ can have multiplicity at most p + 1 ( [18] ). This means that a germ with multiplicity p + 2 cannot be an augmentation, since that would imply that there is a stable germ in the same dimensions with that same multiplicity. When p = n + 1, a stable germ can have multiplicity at most [ 
ii) If f is a monogerm of codimension 1, then h is an augmentation if and only if
] in the case p = n + 1).
Proof. i) See Corollary 3.8. ii) First suppose that n ≥ p, h is an augmentation and f is an augmentation of multiplicity greater than or equal to p + 1. This means that there exist a map h 0 = {f 0 , g 0 } : (C n−1 , S) → (C p−1 , 0), admitting a 1-parameter stable unfolding, and that f 0 satisfies m 0 (f 0 ) = m 0 (f ) ≥ (p − 1) + 2. Then A e − cod(f 0 ) = 1 and therefore g 0 is a prism on a Morse function or an immersion. Then we get a contradiction, as any 1-parameter stable unfolding F of f 0 has τ (F ) = 0 (for f 0 is primitive), and therefore τ (F ) cannot be transversal to the analytic stratum of any 1-parameter unfolding of g 0 . It follows that m 0 (f ) ≤ p. Now suppose that f is an augmentation of multiplicity k ≤ p of an f 0 . Then f 0 admits a 1-parameter stable unfolding F 0 with dim τ (F 0 ) ≥ 1. We can choose a prism on a Morse function or an immersion g 0 : (C n−1 , 0) → (C p−1 , 0) such that τ (g 0 × id t ) (which has dimension p − 1) is transversal to τ (F 0 ). The bigerm {f, g 0 × id t } is an augmentation of h 0 = {f 0 , g 0 }, and since it has codimension 2 and is simple, it is A-equivalent to h, which is therefore an augmentation.
The same proof is valid for the case p = n + 1 but with
Remark 5.6. In the setting of Proposition 5.5, part ii), if m 0 (f ) = p + 1 (resp. m 0 (f ) = [ n 2 ] + 1), then h is clearly an augmentation and concatenation in the case n ≥ p (resp. in the case p = n + 1).
Lemma 5.7. If f is a A e -codimension 1 primitive monogerm and n ≥ p, then, besides the Euler vector field, the components of vector fields in Lif t(f ) are in M 2 p .
Proof. Let F be a mini-versal unfolding of f . The discriminant of f is a section of the discriminant of F . The Lif t(f ) is obtained from Lif t(F ) ∩ Lif t(g) where g is a fold whose discriminant gives the section, in the following way. Consider first the equidimensional case. Then f : (
The section x n+1 = 0 of the discriminant of F is the discriminant of f . The Lif t(f ) is therefore the projection to the first n components of Lif t(F )∩Lif t(g) and substituting X n+1 by 0, where g(x 1 , . . . , x n+1 ) = (x 1 , . . . , x n , x 2 n+1 ) and (X 1 , . . . , X n+1 ) are the target coordinates. Since Lif t(g) =
, and the linear part of Lif t(F ) is as given in Proposition 4.13, it can be seen that the only vector field with linear terms is the Euler vector field.
For the cases from C n+k to C n , the normal forms for primitive codimension 1 germs are (x 1 , . . . , x n+k ) → (x n+2 1
i , x 2 , . . . , x n ) and similar arguments prove the same result. Proof. First of all, n is odd since there is no codimension 1 primitive germs when n is even ([4]). The normal form for f :
Consider the 1 parameter versal unfolding of f as
and consider the variables in the target as (
We proceed as in [22] to obtain the linear part of vector fields in Lif t(F ), that is, we study the equation dF • ξ = η • F modulo F * (M 2 2k−1 ). Such vector fields for a slightly different normal form for F have been studied in [12] . We obtain that the linear part of vector fields in Lif t(F ) are generated by the following 3k − 2 elements:
The section V k−1 = 0 of the discriminant of F is the discriminant of f . We proceed as in the above Lemma taking the corresponding 2k − 2 components of vector fields in Lif t(F ) which are tangent to V k−1 = 0 and substitute V k−1 by 0. The linear part of the generators of vector fields in Lif t(f ) are the first, the fourth, the fifth (which comprises k − 3 vector fields) and the sixth vector fields in the list above, which means that there are exactly k linearly independent vector fields with linear part in Lif t(f ).
Proposition 5.9. If h = {f, g} is a multigerm with f a primitive monogerm of A e -codimension 1 and g a prism on a Morse function or an immersion, then h has codimension greater than or equal to p when n ≥ p and greater than or equal to p 2 when n = p − 1.
Proof. Considering the normal forms of the primitive A e -codimension 1 monogerms given in Proposition 4.13 and Lemma 5.8 the least codimension of h occurs when g is such that g ⋔ f and g is transversal to all the limits of tangent spaces to the strata of the stratification by stable types in the target, so we take g(x 1 , . . . , x n ) = (x 1 , . . . , x p−1 , n i=p x 2 i + x p−1 ). Consider the short exact sequence:
From here we have that
by projection to the last two components, where v i ∈ O n and η p−1 and η p are the last two components of the vector fields in Lif t(f ). And this is isomorphic to
When n ≥ p, from Lemma 5.7, the components of vector fields in Lif t(f ) other than the Euler vector field are quadratic or of higher order, so the dimension of this space is greater than or equal to p − 1. Finally we have that the codimension of h is greater than or equal to p. When n = p − 1, from the above Lemma we have that there are at most p 2 + 1 linearly independent vector fields in Lif t(f ) with linear parts, so the dimension of the quotient is greater than or equal to p − ( 1) When p = 1, the bigerm formed by a Morse function and an A 2 -singularity has codimension 2.
2) If n = 1 and p = 2, we have the codimension 2 bigerm {(x 2 , x 3 ), (0, x)}, and if n = p = 2 we have the codimension 2 bigerm
3) In the equidimensional case, given the bigerm
the codimension is exactly n (except when n = 1, see case 1) above) and is non-simple when n > 2.
4) When (n, p) = (3, 4), the bigerm
has codimension 2.
Remark 5.11. Proposition 5.9 can be adapted to the case where f is a primitive codimension 1 multigerm. For example, in the case n = p − 1, suppose that f = {f 0 , g 0 } is a codimension 1 monic concatenation with τ (f 0 ) = {0} (f 0 is stable and n = 2k − 2 must be even). That is
and g 0 (x 1 , . . . , x n ) = (x 1 , . . . , x n−2 , 0, x n−1 , x n ). Lif t(f 0 ) is as in Lemma 5.8 and
, so Lif t(f ) = Lif t({f 0 , g 0 }) is the intersection, and there are only k vector fields with linear parts. Analogously to the proof of Proposition 5.9, in order to get the least codimension of h, we take g(x 1 , . . . , x n ) = (x 1 , . . . , x n−2 , x n , x n−1 , x n ). We must calculate the dimension of
Out of the vector fields with non zero linear parts in Lif t(f ), only the first (as shown in Lemma 5.8) has components in
. Therefore, the dimension of the quotient is at least p − 1 since we are missing constants and the linear terms x 1 , . . . , x p−2 . This means that A e − cod(h) ≥ A e − cod(f ) + p − 1 = p.
If f 0 is a stable multigerm with τ (f 0 ) = {0}, we can repeat the diagonal block matrix argument from the proof of Theorem 4.14 to prove that A e − cod(h) ≥ p.
Corollary 5.12. Let p > 2 and h = {f, g} be multigerm of A e -codimension 2 with f a monogerm of codimension 1, then g is a prism on a Morse function or an immersion and h is an augmentation and concatenation except for the normal form from Remark 5.10 4), where we have a primitive monogerm and an immersion of codimension 2. Furthermore, if the multiplicity of f is less than or equal to p in the case n ≥ p or to [ n 2 ] in the case n = p − 1, then it is also an augmentation.
Proposition 5.13. [4, Propostion 5.16] Let h = {f, g} be a primitive A e -codimension 1 multigerm, and suppose that g is not transverse to τ (f ). Then i) if moreover g and f are transverse, it follows that g is a prism on a Morse function or an immersion and h is a monic concatenation (in particular f ⋔ τ (g)).
ii) if g and f are not transverse, then p = 1, and f and g are both Morse functions.
From here on we suppose that h = {f, g} is a primitive multigerm of A ecodimension 2 with f and g stable and p > 1.
Lemma 5.14. Let h = {f, g} be a primitive multigerm. If it admits a 1-parameter stable unfolding then there is a decomposition 
On the other hand, since h is primitive, by Corollary 3.8, we have that cod τ (f )+cod τ (g) > p, therefore cod( τ (f ) ∩ τ (g)) > p − 1 and dim( τ (f ) ∩ τ (g)) = 0, which proves the result for the first case.
In the case that there is no stable 1-parameter unfolding, by Proposition 3.7 the analytic strata have almost regular intersection of order 2.
i) If r = 1 and Im(dg 0 ) = τ (g), then h is a monic concatenation.
ii) If r = 1 and Im(dg 0 ) τ (g), then h is one of the following
• a (non-monic) generalised concatenation with g,
• g is an A 2 -singularity and f is either an A 2 -singularity or a bigerm of two prisms on Morse functions (only if n ≥ p = 2).
iii) If r > 1, then r = 2 and h is one of the following
• a double fold (immersion) concatenation with g,
• a trigerm of an A 2 -singularity with two prisms on Morse functions (only if n ≥ p = 2).
From the known classifications mentioned at the beginning of the section, the only possibilities are that n ≥ p = 2 and h is a bigerm with two A 2 -singularities or a trigerm where g is an A 2 -singularity and f is a bigerm of two prisms on Morse functions. If p > 2 we can assume that τ (g) = 0. In fact, if τ (g) = {0}, then f is not transversal to τ (g). Since by hypothesis g is not transversal to τ (f ), it follows by Lemma 5.15 that there is no such h.
Therefore, 1 ≤ p − s = dim τ (g) < p − 1 and we are in the case of a (non-monic) generalised concatenation (and p > 2): if h admits a 1-parameter stable unfolding we have a partition
is the analytic stratum of g and {0}×C s−1 ×{0} is the analytic stratum of f . By adequate changes of coordinates in the source we can take g to the form g(x 1 , . . . , x n ) = (x 1 , . . . , x p−s , g p−s+1 (x p−s+1 , . . . , x n ), . . . , g p (x p−s+1 , . . . , x n )). Now, by a change of variables in the source, we can write f (x 1 , . . . ,
, which contradicts the hypothesis. Therefore, we can take f to the form f (x 1 , . . . , x n ) = (f 1 (x 1 , . . . , x n ), . . . , f p−s (x 1 , . . . , x n ), x n−s+1 , . . . , x n ), so f is an s-parameter stable unfolding of a certain f 0 . Now suppose that h does not admit a 1-parameter stable unfolding.
Similarly as above, we write
and f as (f 1 (x 1 , . . . , x n ), . . . , f p−s (x 1 , . . . , x n ), x n−s+1 , . . . , x n−2 , f p−1 (x 1 , . . . , x n ), f p (x 1 , . . . , x n )).
Since f ⋔ g and g is not transverse to τ (f ), then {0} × {0} × C × C Im(dg 0 ). If {0} × {0} × C × C ⊆ Im(df 0 ) we can take f to the desired form. If Im(dg 0 ) = C p−s × {0} × C × {0} and Im(df 0 ) = {0} × C s−2 × {0} × C then f is not transversal to the analytic stratum of g. It follows by Lemma 5.15 that there is no such h in codimension 2.
If dim τ (f ) ∩ τ (g) = k > 0, the only difference with the above case is that the analytic stratum of f overlaps the analytic stratum of g in k directions. So now
We proceed analogously.
i) If Im(dg 0 ) = τ (g) then g is either a prism on a Morse function or an immersion and so cod( τ (g)) = 1. If h admits a 1-parameter stable unfolding, since h is primitive by Corollary 3.8 cod τ (f ) + cod τ (g) > p and so τ (f ) = {0}. Now proceed as in the proof of [4, Proposition 5.16] with the only difference that f is a 1-parameter stable unfolding of an f 0 of codimension 2 (the procedure is similar to the one above).
If h does not admit a 1-parameter stable unfolding, by Proposition 5.4 we have that cod τ (f ) + 1 − cod( τ (f ) ∩ τ (g)) = 2 and so cod( τ (f ) ∩ τ (g)) = cod τ (f ) − 1, which is impossible.
iii) First suppose that h i = {f, g i } is stable for all i. Then τ (g i ) ⋔ τ (f ) and therefore g i ⋔ τ (f ) and so g ⋔ τ (f ), which contradicts the hypothesis. So there exists i 0 ∈ {1, . . . , r} such that h i 0 = {f, g i 0 } has A e -codimension 1. In this case, by Lemma 5.1, g = {g i 0 , g i 1 }, where g i 1 is a prism on a Morse function or an immersion, and so r = 2.
Suppose that g i 0 is not transverse to τ (f ). If g i 0 is not transverse to f , by Proposition 5.13, p = 1, which is a contradiction. If g i 0 ⋔ f , again by Proposition 5.13, h i 0 is a monic concatenation where g i 0 is a prism on a Morse function or an immersion. Now suppose that g i 0 ⋔ τ (f ). Since g is not transverse to τ (f ), then g i 1 cannot be transverse to τ (f ), therefore h i 1 = {f, g i 1 } has codimension 1 and g i 0 is a prism on a Morse function or an immersion. Since g is stable, g i 0 ⋔ g i 1 and dim τ (g) = p − 2.
If p = 2, cod τ (f ) ≤ 2. If it is equal to 2 then f can be either an A 2 -singularity or two prisms on Morse functions. However, the second case does not occur since h has codimension 2. If it is equal to 1, then f is a prism on a Morse function or an immersion and g ⋔ f implies g ⋔ τ (f ), which contradicts the hypothesis.
If p > 2 we take g = {g i 0 , g i 1 } to the form
and proceed as in case ii).
Proposition 5.17. If g and f are not transverse then h is one of the following
• an augmentation and concatenation,
• f is a Morse function and g is an A 2 -singularity (only if n ≥ p = 2),
• one of the following normal forms (when p = n + 1 and n is even):
Proof. If f is not transverse to g, then f is not transverse to τ (g) and g is not transverse to τ (f ). If p = 2 and h admits a 1-parameter stable unfolding, since h is primitive, by Corollary 3.8 cod τ (f ) + cod τ (g) > 2 and since the analytic stratum must have codimension less than or equal to p = 2, cod τ (g) = 1 and cod τ (f ) = 2 (or viceversa), so h is a non-transversal bigerm of a prism on a Morse function and an A 2 -singularity or a trigerm of three prisms on Morse functions where two of them are non-transversal and the third is transversal to the other two (the latter is an augmentation and concatenation). If h does not admit a 1-parameter stable unfolding, then by Proposition 5.4 cod τ (f ) = cod τ (g) = 2 and, by the known classifications mentioned at the beginning of this section, there are no possibilities. If p > 2, let f = {f 1 , . . . , f r }, r > 1, as f is not transverse to g, there exists f i 0 which is not transverse to g, therefore A e − cod({f i 0 , g}) = 1. By Proposition 5.1, f = {f i 0 , f i 1 } with f i 1 a prism on a Morse function or an immersion and f i 0 ⋔ f i 1 . We have that g is not transverse to τ (f i 0 ) and g is not transverse to f i 0 . If {f i 0 , g} is primitive, then by Proposition 5.13 p = 1 and we have a contradiction, therefore {f i 0 , g} is an augmentation and h is an augmentation and concatenation which is not an augmentation. Now suppose that f and g are monogerms (if g is not a monogerm, we change it for f and proceed as above). We have that τ (f ) = {0} if and only if cod τ (g) = 1, and the same changing f for g. In fact, suppose τ (f ) = {0} (cod τ (f ) = p), then by Proposition 5.4, cod τ (g) ≤ 2. We have that cod τ (g) = 0 because g is not a 
] when p = n + 1), ii) h is an augmentation and concatenation if f is an augmentation with ii) if h is primitive and g is not transverse to τ (f ), then a) if f ⋔ g, then a1) Suppose g is a monogerm. When Im(dg 0 ) = τ (g), h is a monic concatenation. When Im(dg 0 ) τ (g), then either h is a (nonmonic) generalised concatenation with g, it is a bigerm with two A 2 -singularities or it is a trigerm of an A 2 -singularity with two prisms on Morse functions (only if n ≥ p = 2). a2) Suppose g is a multigerm, then it is a bigerm and either h is a double fold (immersion) concatenation with g or it is a trigerm of an A 2 -singularity with two prisms on Morse functions (only if n ≥ p = 2). b) If g and f are not transverse then f is a Morse function and g is an A 2 -singularity (only if n ≥ p = 2), h is an augmentation and concatenation or it has one of the normal forms in Proposition 5.17 (when p = n + 1 and n even).
iii) if h is primitive, g ⋔ τ (f ) and f ⋔ τ (g), then h is a non-monic generalised concatenation.
Remark 5.20. If we replace C by R and analytic maps by smooth ones, all the results in this section hold. However, in the real case, the operations may lead to different A-classes.
6 A e -codimension 2 multigerms from C 3 to C
3
In this section we use the results in Section 5 in order to recover the classification of multigerms of A e -codimension 2 from C 3 to C 3 obtained in [24] . First, using quadratic and cubic augmentations (A 2 and A 3 ), monic concatenations (M C) and concatenations and augmentations (AC), we obtain all codimension 1 and 2 germs and multigerms from C 2 to C 2 starting from a monogerm and the special bigerm from Proposition 5.13, namely two Morse functions. This is shown in figure 1 , where the special multigerms mentioned in Propositions 5.16 and 5.17 are included too.
{x ,x } [17] and earlier by V. Goryunov in [6] , contains a list of normal forms for simple corank 1 monogerms of maps from R 3 to R 3 .
Name
Normal form A e -codimension A 1 (x, y, z 2 ) 0 3 µ(P ) (x, y, z 3 + P (x, y)z) µ(P ) 4 k 1 (x, y, z 4 + xz ± y k z 2 ), k ≥ 1 k − 1 4 k 2 (x, y, z 4 + (y 2 ± x k )z + xz 2 ), k ≥ 2 k 5 1 (x, y, z 5 + xz + yz 2 ) 1 5 2 (x, y, z 5 + xz + y 2 z 2 + yz 3 ) 2
Here P (x, y) are polynomials in two variables and µ(P ) denotes the Milnor number of P . We add to this list the unimodular monogerm 6 1 : (x, y, z 6 +yz 2 +xz) (see [6] ) of A e -codimension three.
Next we introduce the notation for germs and multigerms used in [24] : starting from stable germs, A 1 (fold), A 2 (cusps) and A 3 (swallowtails), A k i A j represents a multigerm with k branches of type A i and a branch of type A j where the branches are pairwise transversal. Tangencies are indicated by T , for instance, we represent by T ij a nondegenerate tangency between the strata of singularities A i and A j in the branch set, or by T A i A k j a nondegenerate tangency between the strata of points , which in turn is given by a nondegenerate tangency of a fold surface and a double fold curve; DT 11 means a degenerate tangency between two fold surfaces and DT A 1 A 2 1 means a degenerate tangency between a fold surface and a double fold curve. A superindex on the character T , i.e. T 1 , denotes a special type of tangency, for example T 1 22 means that the tangent vector to one of the cuspidal edges is included in the tangent plane in the limit of the other cuspidal edge; T 1 13 means that the tangent vector in the limit of the cuspidal edges at the swallowtail point is included in the tangent plane to the fold surface; and T 1 A 2 1 A 2 means that the tangent vector to the double point curve is included in the tangent plane in the limit of the cuspidal edge. Figure 2 shows how to obtain all the codimension 2 multigerms from C 3 to C {x ,x } 
